Abstract. The application of twistor methods to construct harmonic morphisms has proved to be a fruitful approach in the 4-dimensional case, where a variety of examples and, in some cases, even a complete classification of harmonic morphisms has been found. In this paper we generalize this construction to obtain higher-dimensional analogues of these maps. We also prove several results on twistor lifts of pluriharmonic and (1, 1)-geodesic maps.
Introduction
A harmonic morphism is a map between Riemannian manifolds which pulls back local harmonic functions on the codomain to local harmonic functions on the domain. Equivalently, harmonic morphisms are harmonic maps which also satisfy the partial conformality condition of horizontal (weak) conformality (or semiconformality), see [14, 15] . Together, these two conditions amount to an over-determined, non-linear system of partial differential equations. Not surprisingly therefore, there are examples of manifolds which have no non-constant harmonic morphisms into any surface and, in general, the question of the existence of harmonic morphisms is very difficult to answer.
However, the study of harmonic morphisms from 4-dimensional Einstein manifolds to Riemann surfaces has been greatly simplified with the aid of twistor methods. In some cases, even a complete classification of these maps has been found, see [4, 21, 22] .
To generalize these results, we may note that, when the domain is a 4-dimensional Einstein manifold and the codomain is a surface, a harmonic morphism can be equivalently characterized as a map which is holomorphic and has superminimal fibres with respect to some integrable Hermitian structure on its domain. With this observation in mind, we further the application of twistor methods to the construction of holomorphic maps with superminimal fibres, and extend some of the results from the 4-dimensional case to arbitrary even dimensions.
Raising the dimension of the codomain entails replacing the harmonic maps from surfaces with suitable (1, 1)-geodesic maps, i.e., maps of the form ϕ : (M, g, J) → (N, h) from almost Hermitian manifolds to Riemannian manifolds, satisfying Following this review, we investigate the properties of (1, 1)-geodesic maps in relation to twistor lifts. We prove the following result. We also have the following local converse to this theorem. These two results generalize what is well known in the case when the domain is 2-dimensional, see [19] . We show that the condition on the curvature is always satisfied when N is a Riemannian symmetric space of Euclidean, compact or noncompact type.
We then apply these results to the study of holomorphic maps with superminimal fibres. We provide a twistor method for the construction of such maps, generalizing the method worked out in the 4-dimensional case, see [22, 4] . 
holomorphic and has superminimal fibres with respect to the Hermitian structure on h(W ) defined by the section
is a harmonic morphism.
We also prove a converse to this result. In the last section we use this method to construct locally defined holomorphic maps with superminimal fibres on CP 3 and the Euclidean spaces. All our manifolds, structures on them and maps between them are considered smooth unless otherwise specified. When appropriate we shall write simply M for the Riemannian manifold (M, g) or even for the almost complex manifold (M, g, J).
The Twistor Bundles
In this section we recall a few basic facts about the canonical twistor bundles of even-dimensional Riemannian manifolds. With a few exceptions we follow the notation of [9] , to which we also refer the reader for further properties of the twistor bundles.
Recall that an endomorphism J on an inner product vector space V is said to be an orthogonal complex structure if J is an isometry on V satisfying J 2 = − Id. The dimension of V is then necessarily even, say, 2n. When V is oriented, we say that J is positive if, for any set
be an oriented Riemannian manifold and denote by SO(N ) its principal SO(2n)-bundle of oriented orthonormal frames. The positive twistor bundle of N , denoted by
is the bundle of positive orthogonal complex structures on the tangent spaces of N . This bundle is clearly associated to SO(N ); in fact,
As SO(N ) carries the Levi-Civita connection, the associated bundle Σ + (N ) comes equipped with a distribution transversal to the fibres of π, defined by
We denote this distribution by H and refer to it as the horizontal distribution.
Let us denote by V the distribution tangent to the fibres of π. This distribution has a natural complex structure J V inherited from the complex structure on the Hermitian symmetric space SO(2n)/U(n). The horizontal distribution also has a complex structure J H , obtained by requiring that the map
We can now use J 
is never integrable, but the restriction of J 1 to certain subbundles of Σ + (N ) is sometimes integrable, see [9] for a comprehensive discussion of this situation.
For a complex manifold M and a map
The map ψ gives an orthogonal complex structure J ψ along ϕ. Denote by ψ 
When N is not necessarily oriented, then we can use the O(2n)-bundle O(N ) of orthonormal frames and the Hermitian symmetric space O(2n)/U(n) to construct the bundle of all orthogonal complex structures on the tangent spaces of N :
This bundle also carries a horizontal distribution and we can construct J 
When M is a complex manifold, then ϕ is said to be pluriharmonic if the restriction of ϕ to any complex curve in M is a harmonic map.
It is easy to see that a map from a Kähler manifold is pluriminimal if and only if it is (1, 1)-geodesic.
Recall that an almost Hermitian manifold M with Kähler form ω is said to be (1, 2)-symplectic if (dω)
It is easy to see that any holomorphic map ϕ between (1, 2)-symplectic manifolds is (1, 1)-geodesic. It is known that when M is a Kähler manifold and ϕ : M → R m a pluriminimal immersion, then the metric on M which makes ϕ an isometric immersion is in fact also Kähler, see [1] . Our next result is related to this, but more adapted to our situation. This is proved in [12] under the assumption that M is Kähler.
Theorem 3.2. Assume that (M, J) is a complex manifold and that
Proof. As dϕ(T 1,0 M ) is isotropic, it follows easily that g is compatible with J, i.e., (M, g, J) is a Hermitian manifold. Let ω = g(J·, ·) be the corresponding Kähler form. As J is integrable, dω has no (3, 0)-part; to show that ω is closed it is therefore enough to show that the (1, 2)-part of dω vanishes. To this end, let (z 1 , ..., z m ) be local holomorphic coordinates on M ; they determine locally a Kähler metric and a Levi-Civita connection ∇. As ϕ is pluriharmonic, we get
Hence we have
This proves that dω = 0.
Salamon proved that the projection of any J 2 -holomorphic map from a cosymplectic manifold into the twistor space is harmonic, see Theorem 3.5 of [19] . The following result is an adaptation of this theorem to our situation.
according to Proposition 2.1. Thus, ∇dϕ(Z, Z) belongs to ψ 1, 0 ; as this quantity is real it must therefore vanish, and ϕ is (1, 1)-geodesic.
Conversely, we may ask in what case a (1, 1)-geodesic map ϕ : M → N is locally the projection of a J 2 -holomorphic map into the twistor bundle of N . It is well known that this is the case when M is a Riemann surface and ϕ is weakly conformal, see [19] . However, when the domain M is of higher dimension further conditions need to be imposed.
To formulate these conditions, assume that ϕ :
is a map from a Kähler manifold to an oriented Riemannian manifold with dϕ(T
We have the direct sum decomposition
and the metric h on N restricts to a metric on V in the obvious way. Furthermore, the connection ∇ T N together with the orientation of dϕ(T M ) induces an orientation for V .
For each x ∈ M , any positive orthogonal complex structure J on the fibre V x induces according to (3.1) a positive orthogonal complex structure on T ϕ(x) N such that dϕ x is complex linear. If we denote by Σ + (V ) the bundle of positive orthogonal complex structures on V , we therefore have a bundle map covering ϕ:
For any section s of Σ + (V ), the composition ψ = η • s is a map which projects to ϕ. By construction, ϕ is holomorphic with respect to the orthogonal complex structure J ψ on ϕ 
As a complex vector bundle, V C has a natural orientation. Denote by P the principal
to V C which preserve both the metric and the orientation; we can then write
where C is the complex form of the flag manifold SO(2n − 2m)/U(n − m). The following result generalizes a construction of Salamon, see [19] . Proof. According to the above theorem, V C has the structure of a holomorphic vector bundle of real dimension 2n − 2m = 2k. Take a local orthonormal frame e = {e 1 , . . . , e 2k } for V , and view it as a local frame for V C . For some (locally defined) map g into SO(2k, C), let f = e · g denote a change of frame, i.e.,
We wish to choose g in such a way that f is a holomorphic frame. As , gives a local trivialization for P ; it is easy to see that, when using these trivializations, the transition functions are holomorphic.
As Gr 
Proof. We have already proved that Σ M we get
As ϕ is (1, 1)-geodesic and M is (1, 2)-symplectic,
. As ϕ is (1, 1)-geodesic and ψ
We thus conclude that ∇
, and ψ is holomorphic. Since s is arbitrary, η must be holomorphic. This proves (ii).
The step (ii)⇒(iii) is obvious, so assume that (iii) holds. Given a point x 0 ∈ M , we can find a section s of Σ + (V ) defined in a neighbourhood of x 0 , such that, at the point x 0 , we have
where ψ = η • s. Thus, choosing complex coordinates on M , gives that
for all k and l. Thus, For the proof, we will need a simple lemma. With the notation introduced earlier, we have an orthogonal decomposition
Denote by S the Weingarten operator of ϕ, i.e., for ξ ∈ Γ(V ) and X ∈ Γ(T M ), S ξ (X) is the orthogonal projection of ∇ ϕ X ξ onto dϕ(T M ). We extend S to a complex bilinear form, also denoted by S, on the complexification of ϕ 
Lemma 3.9. Assume that M is a complex manifold, (N, h) a Riemannian manifold and ϕ : M → N is a pluriharmonic immersion for which dϕ(T
Proof. By Theorem 3.2 we may assume that M is Kähler. Since ϕ is (1, 1)-geodesic, 
M ) and ξ, η ∈ Γ(V )), we have the Ricci equation
According to the previous lemma, the last two terms on the right vanish. In the Euclidean case R ϕ = 0, and, in the semi-simple case, R ϕ (X, Y ) = 0 according to [13] . This shows that the (2, 0)-part of R V vanishes.
Harmonic morphisms and holomorphic maps with superminimal fibres
Let us begin by recalling some facts on harmonic morphisms. 
We have the following fundamental characterizations of harmonic morphisms.
Theorem 4.2. [14, 15] A smooth map ϕ : M → N between Riemannian manifolds is a harmonic morphism if and only if ϕ is harmonic and horizontally (weakly) conformal.
Recall that ϕ : M → N is said to be harmonic if trace ∇dϕ = 0.
The map ϕ is said to be horizontally (weakly) conformal or semiconformal if, for each x ∈ M , either dϕ x = 0, or the linear map
is surjective and conformal.
Harmonic morphisms with values in surfaces have properties which do not hold in general for higher dimensional codomains. For example, the condition for a map into a surface to be a harmonic morphism is invariant under conformal changes of the metric of the codomain. Thus, the concept of a harmonic morphism from a Riemannian manifold into a Riemann surface is well defined. We mention here two other results relevant to our study. 
Clearly, a superminimal submanifold is also minimal, see, e.g., [22] . The following result has greatly influenced the study of harmonic morphisms from 4-dimensional manifolds. , and ϕ has superminimal fibres with respect to J.
We now give the following method for constructing holomorphic maps with superminimal fibres, generalizing the method described in [4] for the 4-dimensional case. 
Proof. Let us write
. It is obvious that ϕ is holomorphic with respect to the Hermitian structure on M defined by the section
The fact that H is horizontal in its second argument implies that this complex structure is parallel along the fibres of ϕ, i.e., ϕ has superminimal fibres. 
horizontal in the second argument, such that π • H is a diffeomorphism onto a neighbourhood of x 0 and
Proof. It is well known that the integrability of J is equivalent to the fact that the map
As the fibres of ϕ are superminimal, σ J will map these into the horizontal space of Σ + (M ). Fix a point x 0 ∈ M and a holomorphic chart
with ϕ(η(z, ξ)) = z; this is possible as ϕ is submersive. The map H = σ J • η is holomorphic as it is the composition of holomorphic maps. On the other hand, σ J is horizontal along the fibres, forcing H to be horizontal in its second argument.
Remark 4.12. When m = 1, i.e., N is a Riemann surface, the condition that J on M be integrable is automatic from the fact that ϕ has superminimal fibres, see [4] , page 228.
Remark 4.13. Recall that a Riemannian symmetric space G/K is said to be inner if it is of compact or non-compact type and its involution is an inner involution, i.e., of the type σ(h) = ghg
When M is such a space, then we can say even more: the section σ J will take values in the zero set of the Nijenhuis tensor of J One could ask whether there is a similar construction to that of Theorem 4.11 yielding holomorphic maps into some Kähler manifold, the fibres of which are not necessarily superminimal. The following result suggests a negative answer to this question when the codomain is a surface. Let us call a complex submanifold M of a Hermitian manifold N pluriminimal if the induced Hermitian structure on M is Kähler and the inclusion map M → N is pluriharmonic. 
That J is integrable implies that
see, e.g., [10] . Hence,
and the proof is done.
The Grassmannian and Euclidean spaces
Let us denote by G p (C In particular, when n ≥ 3, any map from some open subset of CP n to a surface, which is holomorphic with respect to some almost Hermtian structure on this subset, is necessarily ±holomorphic with respect to the usual complex structure on CP n . Proof. It is clearly enough to show that ϕ is ±holomorphic when restricted to the open subset where dϕ = 0; hence we may assume that ϕ is submersive on U . According to Proposition 7.9.1(i) of [4] , we may thus assume that J is integrable on U .
Since such a map is horizontally (weakly) conformal, it is enough to show that it must have complex fibres with respect to the usual complex structure. In light of Theorem 4.11, we may assume that ϕ = π 1 
, where h = π • H and
is J 1 -holomorphic and horizontal in the second argument, with 1 + n = pq. Thus, for z fixed, ξ → h(z, ξ) is pluriharmonic. According to [20] , this map, the image of which is the fibres of ϕ, is therefore ±holomorphic with respect to the usual complex structure if 2n
To construct non-trivial examples on CP
3
, let Z be the space of all orthogonal decompositions
dim E 1 = 2 and dim E 2 = dim E 3 = 1. This is a complex manifold; its complex structure is induced by the embedding
The space Z is fibred over CP 3 by the mapping
With each such decomposition, we obtain a positive orthogonal complex structure
, E 2 ) in the usual way, and defining the (1, 0)-space of J to be
This embeds Z as a subbundle of Σ , see e.g., [9] , page 59. As a homogeneous space, we have
in particular, Z is a flag manifold. As is well known, Z carries a U(4)-invariant distribution, the horizontal distribution, which we denote by H. This distribution is transversal to the fibres of π and has the property that, under the embedding of
, it is mapped onto the horizontal distribution of Σ
). Following the strategy laid out in the previous section, we aim to construct a holomorphic map (z, ξ) → H(z, ξ), horizontal in ξ and with the property that the induced map h = π • H is a diffeomorphism onto its image:
will be holomorphic and have superminimal fibres with respect to some integrable Hermitian structure on the image of h.
The map H is given by two holomorphic maps
with the property that f ⊂ s at every point. The condition that H is horizontal in ξ can be expressed by the condition
see, e.g., [11] .
To define f , recall that we have an open, dense subset
obtained by associating to a linear map φ : 
The requirement that (z, ξ) → H(z, ξ) takes its values in Z and is horizontal in ξ is thus expressed in the following equations:
We can thus choose w, α and β arbitrary; this will determine γ and δ up to additive functions of z, and from these, u and v will be determined.
The induced map h is given by f
; hence
Solving these equations using the two first equations of (5.1), we get ; this map is holomorphic with respect to some Hermitian structure and has superminimal fibres.
Next we construct local harmonic morphisms ϕ : R 2n → C using Theorem 4.9. An approach similar to this has been used in [3] (see also [4] ), and we follow the notation set out there.
It is well known that (Σ
) is a complex manifold, and following [3] we can easily construct a chart. For each q ∈ C n ∼ = R 
